7 C. B.S.E BOARD, IVIATH & SCiENCE

Chapter 8
Similar Triangles

Similar Triangles:

Whenever we talk about two congruent figures then they have the ‘ same shape’ and the
‘same size'. There are figuresthat are of the ‘ same shape but not necessarily of the ‘same
size'. They are said to be similar. Congruent figures are Smilar but the converse is not
true

All regular polygons of same number of sides are smilar. They are equilateral triangles,
squares etc. All circles are also similar.

Two polygons of the same number of sides are smilar if their corresponding angles are
sides are proportional.

Two triangles are similar if their corresponding are equal and corresponding sides are
proportional.

Basic Proportionality Theorem or Thales Theorem.
Theorem-1

If aline isdrawn parallel to one side of atriangle, to interest the other two sdes indistinct
points, the other two sides are divided in the same ratio.

Given: - In A45C. DE || 5C

AD_4E
Toprove- DE  EC

Construction:- BE and CD are joined. EF LAB gng DNV L AL g6 drawn.

Proof:-
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ar(bADE) = %x AD % EF
1
= Zx AEx DN
>
ar(bBDEY = %xﬂﬂx b
ar(hCDE) = %xECx DN

ar(ABDE) %x BEDx EF BD

ar(LADE) _ 14 x ABx DN _AE )
ar (CDE) %x BT w DN EC

aut @ (BBDE) = ar(ACDE) —— -~~~ 3

asthey are on the same base DE and DE| BU

AD_AE
- from (1), (2) and (3) we get L5 EC

Corollary: In AABC, DE| BT then

4D _ AE
AR AT

Proof:- We know

AD+DE AF+ EC
DE EC

48_4C
DR EC
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(Taking reciprocals)
Multiplying (1) and (2) we get
AD DB _ AR HC

DR AR RO AC
AD _ AR

AR AT

Property - 1. If aline divides any two sides of atriangle in the same ratio, the lineis
parallel to the third sde.

Example 1. In (AABC,DE || BU g All= 2dem, AE = 3.2em, BC = 4.8m. 5y AB.

Solution: -

DE | 3¢ (given)

AD_ AE
DB ET (Thales Theoram)

/}

P \g
/ \
= .

24_32
80 48
S BD - 2dwxd i
3.2
= 3 bom
= 3.6cm
AB =AD + DB
Page 3

Downloaded from http://jsuniltutorial. weebly.com/


http://www.cbseportal.com
http://www.cbseportal.com
http://jsuniltutorial.weebly.com/

TJSUNIECT TUTORIALC

C. B.S.E BOARD, VIATH & SCIENCE

=24+36

= 6.0cm

Example 2. In the given figure, DEIFC ang
AD=4x-3,AE=8x-7.8D =3x-1CE=5x -3 gnd x.

#7

2 &
Solution:-

in 84BC, DE || BC (Giyen)

AD _ AE

DB EC

dx—3 3 Bx="7
2x—-1 ox-=73

Or, (4x-3) (5x-3) = (8x - 7) (3x- 1)

Or, 202 - 12X - 15X + 9 = 24x2 - 8X - 21X + 7
or, 4x%- 2x-2=0

or, 2x?-x-1=0

Or,2x2-2x+x-1=0
Or,2x(x-1)+1(x-1)=0
x-1)(2x+1)=0

x=1,-1/2

But sides of atriangle cannot be negative

Lx=1
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Example 3. ABCD is atrapezium such that AB[CD g diagonals AC and BD intersest
each other at o.

A0 BO
provethat ¢ 0D

Solution: - Given Az L AC and BD intersectato

A0 BO
To Prove: 007 0D

Construction: OP || AB || CD isdrawn

Proof:- In 8ADC.OF || €D

PA_40
PO o

\n ADAB,OP || AB

24 BO
L—=—{Coroll of Thales theo.
EDan ( i )

From (i) and (ii) we get

40 BO
oc oD

Example 4. Prove that any line parallel to parallel sdes of a trapezium dividesthe
non-parallel sides proportionaly (i.e. in the same ratio)

Solution:-
Given:- PQRSis atrapezium in which PQ || R || XY

PX _QF
To Prove- A= IR
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Pr— 1
* R
N K\

S
Construction:- PR isjoined which intersects XY at A.
Proof:- In &55K, XA Sk

Pr_PA )

- XY AR [ Thales Theorer]
APRQ, AY || PO

R _4R

e PA

or P4 )

R AR ( Taking reciprocals)

From (i) and (ii) we get

FX QO
X5 IR

Example 5. In the given figure DE || AQ and DF || AR
Provethat EF || QR

Solution: -
In AAPQ DE | AQ
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from (1) and (2) we get

PE_PF
EQ FR

. EF||QR

Exercise- 12

1. Inthe given figure, PQ || BC, AP = 2.4cm, AQ = 2cm, QC = 3cm and BC = 6cm. Find
AB and PQ.

A

P &

— &
2. The diagonals AC and BD of a quadrilatereal ABCD intersect each other at O such that
40 _ 80
oC oD
prove that the quadrilateral ABCD istraperzium.

AD 3

3. In 24BC, DE|| BC g0 DB~ 5'if AC = 4.8cm, find AE

4. Inthe given figurer, PQ || BC and PR || CD,
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AR AQ
provethat AL A5

A

]

2
3

.

5. In &48%, D& s narallel to base BC, with D on AB and Eon AC. If 28 37 find
i
DE

6. Inthe given figure, PQ || AB and PR || AC. prove that QR || BC.

7. If three or more parallel lines, are intersected by two transversals, prove that the
intercepts made by them on the trans versals are proportional.

B _BC
8. Inthe given figure, DE || AC and DC || AP, provethat #C CP

9. In the given figure, £4 =<5 and DE || AB prove that AD = BE.
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10. Inthe given figure AB || CD. If OA =3x - 19, 0B =x - 4, OC = x - 3and OD = 4cm,
determine x.

Answers
(10). (x=11cmor 8 cm)
Critieriafor similarities of two triangles.

1. If in two triangles, the corresponding angles are equal, then their corresponading sdes
are proportional (i.e. in the same ratio) and hence the triangles are similar.

This property isreferred to asthe AAA similarily criterian

In the above property if only two angles are equal, then the third angle will be
automatically equal

Hence AAA criteriais same as AA criteria.

2. If the coreponding sides of two trianlgles are proportional (i.e.in the same ratio), their
corresponding angles are equal and hence the triabgles are similar.

This property isreferredd to as SSSsmilarily criteria.

3. If one angles of atriangle is equal to one angle of the other and the sides including
these angles are proportional, the triagngle are similar.

This proprerty isreferred to as SAScritreria
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Example 6. P and Q are pointes on AB and AC respectively of &45C |f AP = 1cm, PB
= 2cm, AQ = 3cm and QC = 6ecm. Show that BC = 3PQ.

Solution: -

Given:- £45C jn which P and Q are points on AB and AC such that AP =
1cm, AQ = 3cm, PB = 2cm, QC = 6cm.

To Prove:- BC = 3PQ

cAp_14p 3.1
Proof:- PE 2 @0 6 2
AP _4Q
PR O

Hence PQ || BC

L LP=UB gnd £E=£0
L BAPQ ~ AABC (AA - Simailariey)

AP PO AQ
AR BC AC

ButAB=AP+PB=1+2=3cm

PO AF 1

"B AB 3

Hence BC = 3PQ.

Example7.Ina AABC.AB = AT gnqp isa point on side AC, such that BC? = AC X
CD

Provethat :- BD = BC

Solution: -
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Given:- 245 inwhich AB = AC and D isa point on AC

,9.
/ ]
;f/ f
” c

s

Such that BC?2 = AC X CD

To Prove - BD =BC

Proof:- BC2= AC X CD

Or,BCXBC=ACXCD

In &"48C" and BCD, we have

=2 )

L LACD = ZDCE (comman)

L ABC ~ ABCD  [SAS criteria

_BC _AC AR
oD BT ED

AC AR
or, 8C  BD

ﬁ:ﬁ [ ﬂg:ﬂc]
or, BC ED

11

Or, BC BD
© BD = BC
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Example 8. D isapoint on the side BC of a 45T quch that <ADC and <8AC gre
equal.

Prove that CA%= DC X CB

Solution: -

Given:- D isa point on the side BC of a £:45C" gych that £40C = £84T
To Prove:- CA%= DC X CB

Proof:- In &"ADC and DAC

ZBAC = ZADC (given)

ZACE = 2004 (comiman)

L AACE ~ADCA ([ Ad silarity )

S BCAC
A Do

= AC? = DO =B
Exercise- 13

_ _ _ I
1. In the adjoing figure, LABD = £CDB=LPQB =30". |4

:@\\

.
f"_ﬂ___f_rji-"-..ij
) £ D | - -
AB = x units CD =y units and PQ = Z units, Prove
1 1 :
1,11
=
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2.Ina 2450 £ 4ng Q are point on the side AB and AC respectively such that PQ is
parallel to BC. Prove that median AD drawn from A to BC, bisect PQ.

3. Through the mid-point M of the side CD of a parallelogram AB CD, the line BM is
drawn intersecting AC in L and AD produced in E. Prove that EL = 2BL.

4. ABCisatriangleright anlgled at C. If P isthe length of perpendicular from C to AB
and AB = ¢, BC=aand CA = b, show that pc = ab

5. Two right angles ABC and DBC are drawn on the same hypoeuuge BC and on the
same sde of BC. If AC and BD interscta at P, prove that AP X PC = BP X PD

6. The perimeter of two smilar triangles ABC and PQR are respectively 32cm and
24cm.If PQ = 12cm, find AB.

7. Inaright triangles ABC, the perpendicular BD on the hypotenuse Ac is drown. Prove
that AC X CD = BC?

8. In 845C. L4 g aculte, BD and CE are perenducular on AC and AB respectively.
Provethat AB X AE=AC X AD

9. Through the vertex D of a parallotogram ABCD, alineisdrawn to intersect the sides
DA _FB _FC

AB and CB produced at E and F respectively prove that: A& CBE CD

10. Two sides and a mediam bisecting one of these sides of atriangle are respectively
proportional to the two sides and the corresponding mediam of the other triangle. Prove
that the triangles are similar.

11. If the angles of one triangles are respectively equal to the angles of another tranles.
Prove that the ratio of their corresponding sides is the same asthe ratio of their
corresponding.

1. medians
2. dltitudes
3. angle bisectors

12. E isapoint on side AD produced of a parallelogram ABCD and BE intersects CD at
F. prove that 4482 ~ ACFE.

13. If aperpecdicular isdrawn from the vertex of the right angles of aright triangles to
the hypoteuuse, the triangles on each side of the perpendicular are similar to the whole
triangles and to each other.

Theorem 2. The ratio of the ares of two similar trianglesis equal to the ratio of the
sguares of their corresponding sdes.

Given:- £45C ~ AFOR
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To prove:

ar(fABCY  AB*  BCt o4
ar(hPORY  PO*  QR®  RP?

Construction: 42 L BC gnd £5° L ER a6 drawn asin figure

proof:-

ar(hABC)  1/2x BCx AD
ar(hPOR)  1/2x QR = PS

[cxr@a’ affs = % # base ® a:.-:’:.:|

Or,
ar(hABCY BC AD "
ar(APOR) QR PS
Now in A" ADB and PSQ,

LB=20 [As AABC ~ APQR]

ZADB = ZPSQ | Bach 90° |

©AADE ~ APSO [Ad similariy |
AD  AB
il i (2)
PSS PC

Bue A8 _BC [sin cotABC ~ APOR]

PO QR
AD  BC
= - 21 [
75 OF [Fram(2)] (3)
ar(AABCY  BC BC

= Ho— 1h &
ar(LFOR)  OR  OR Lfrom &3]
BC*

- Y 4
oRF (4)

Al B _BC LA (5)|az, AABC ~ APQOR)
PO QR RP
Hence,
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AABCY AR BC?  o4®
z:EﬂPgﬁi = FoE o e orand )

Example 9. ABC and DEF are two smilar triangles such that AB = 2DE and area of

AABC js56sg.cm, find the area of ADEF.

Solution:-
Given:- ar(MABCY = Sbegom., AR = 20K

To find: Area of 4DEF.

Proof: MNABC ~ ADEFR {given)
and AR =20DF {given)
A D
A =
I — o E

CABY ar(AABC)
- DE? ar(ADEFRY

o (2DE)? 56

DE?  ar(ADEF)

4DE* 56

O =
DE?  ar(hDEFY

Or, 4 arbEF = 56

O arh DER = 1—6 = ldsg. cme

Example 10. ABC isatriangle, PQ isthe line segruent intersecting AB inPand ACin Q
such that PQ || BC and divides AABT. jnto two partsequal in area. Find BP : AB

Solution:

Given: 245C inwhich PQ || BC, and PQ
divides 245C" into two partsequal in area.

Tofind: BP: AB
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Ll=21 [cammam]
£2=23 [P0 BC]
©AAPG ~ AABRT [ A4 coraliary ]

ar(bdPQ) AP
ar(hABCY  AB

. ar(AArg) AP?
" 2ar(APCO) AR

14X
2 AR?

L_sP
Sz AR

“e-1 2o _ BP
2

Jooo 2 AR
B _2-4f2
AR 2

Example 11. In the given figure, ABC and DBC are two
triangles on the same base BC. IF AD intersects BC at O,
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ar(AABCY  AO
Provethar @(DEC) DO

Solution:

Given: ABC and DBC are two triangles on the same base BC. AD intersect
BCat O.

ar(AABC) A0
To Prove; @r(ADECY) DO

AM 1L BT DN 1L BC

Construction:- are drawn.
Proof:- In 4% AMO gnd DNO
ZAMO = ZDNO |eack90® |
ZAOM = ZDON [verf.ic.:xf{y apposits angfes]
L AAMO ~ ADNO (AA similarity )
o

ar(AABC)  1/2x BC x AM _ AM
ar(ADEC)  2xBCxDN DN

A0

=5 [farm(D)]

Example 12. In th e given fig ABC and PQR are
isosceles triangles in which <A = £7.

4 Gr(A4BCY 9 4D
4 A (APOR) 16" 74 oo
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Solution: -

Given:- In 4% 4BC and pQR, <A =<8 A5 =AU onq po = PR

ar(A4BC) _ 9
ar(POR) 16
AD

Tofind: 2%

Proof:- AAEC, isisosceleswith AB = AC

_ﬂB_l
CAC

APLR jsisosceles with PQ=PR

Pe_
PR

From (1) and (2) we get

AB_ PO

A PR
4B_ 4C

or FC PR

ZA=7F { given)

L AABC ~ APOR (545

In A5 ADC and PSR

LACD = £PRS (. AABC ~ APQR)
ZADC = £ PSR (= 90"

©MADC ~ APSR (A similarity)
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ar(AABCY _ BCP
ar(bhPOR)  QR*

We know

9 AD?

16 PN

or AD _3
BS54
Exercise- 14

1. Prove that the area of the equilateral triangles describe on the sde of a square is half
the are of the equilateral triangle describe on its diagonals.

2. Inthe given figure 245C ~ APLR o ar(AABC) = 4ar(APUR). ¢ e = 120m, find

QR.
» o

o L

3. ABCisatriangleright angled at A, AD is perpendicular to BC. IFBC = 13cmand AC
= 5¢cm, find teh ratio of the areas of £445C gnd AALC.

4. The area of two similar triagles are 121cm? and 64cm? respectively. If the median of
the first triangle is 12.1cm, find the correstponding median of the other.

a3

5. In an equilateral triangle with side a, prove that the area of the trianglesis 4

6. D and E are points on the sides AB and Ac respectively of £45C gych that DE is
parallel to BC and AD : DB =4 : 5. CD and BE intersect each other at F. Find the ratio of
the areas of MNORFE and MBOF.
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Answers
(2) 6cm (3) 169: 25 (4) 8.8cm
(6) 16: 81

Pythagoras Theorem. (B audhayan Theorem)

Theorem 8.3: - In aright triangle, the square of the hypotenuse is equal to the sum of the
squares of the other two sdes.

B

A o c
Given: - £8 isaright angle of £45C

To Prove:- AC* = AB* + BC*

Construction:- £ L A~ jsdrawn

8
Proof:- In A ADE and ABC

/ADB=/4BC  [=90°)
SBAD = ZBAC (Common)

L AADB ~ AABC ([ Ad— Cor)

AL _ 48
AR AT
Or, AB2= AC X AD (i)

Smilarly AADT ~ AART

Cb_sC
BT AC

Or, BC?=AC X CD (ii)

Adding (i) and (ii) we get
AB2+BC2=ACX AD + AC X CD

= AC X (AD + CD)
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=ACXAC
= AC?
Or, AC?= AB? + BC?
Theor em 8.4 (Conver se of Pythagor as Theorem): - In atriangle, if the square of one

side isequal to the sum of the squares of the other two sides, then the angle opposite the
first ddeisaright angle.

2 1 2
Given:- In MABC AR+ BT = AT

To prove:- £ABC = 90"

Construction:- A triangle PQR is constructed such that PQ = AB, QR = BC

and £FOR =90°

Proof:- In 27&R, £ = 50°

. ER*=PO* +QR* [ Bvthagaras Thearam)|

Or, PR? = AB? +BC?-----wnmmeeev (i) [PQ = AB, QR = BC]
But AC? = AB? + BC? ------------ (ii) (given)

. ER*=ACH [ from (i) and ()]

Or, PR=AC

or, O MART = APQR (e Congrusncy)

L LB=20=90" (CPCT)

Hence <£-AAC = 30°

Example 13. Determine whether the triangle having sides (2a— 1) cm, 2+f2a cm and (2a
+ 1) cmisaright angled triangle.

Sol:- Let AB = (2a- 1) cm,
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B =2.[2¢ eon

AC=(2a+1)cm

2a+1 ZJE_{;

[1g

28-1

AR+ B0 = (2a-D% +(22a)?
= da* —da +1+ 8a

=dg* =dg +1

=(2a+17

= A

- AABC s aright angled triangle.

Example 14. In an equilateral triangle PQR, the side QR istrisected at S. prove that
9 PR =7 PO*

Solution: -

o s o R
Given:- In an equilateral 27€8: @R istrisected at S

a 2
To Prove:- SRS =T R0

PDLOR

Construction:- isdrawn

Proof:- QD = DR = QR/2 ------------ 0]

[ L Drawn onthe base of an equilatera 1 & bisect it]

Sde QR istrisected at S(given)
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|n &F5R, LR

is acute

PSP = PR+ SR2-2 RERD
2
E5* = PR? +[§QR] - 2.% (R x%

ES* = PR? +%Qﬂﬂ —%Qﬂﬂ

BS* = PQ2+%PQ2 —%Pﬂﬂ

_9PQR +4P0 -6 PQ?
- 9

s
9Ps = 7P0?
Example 15. In the given figure, ABC isright angled triange with the AB = 6cm and AC

= 8cm. A circle with centre O has been inscribed inside the triangle. Calculate the value
of r, the radius of the inscribed circle.

Solution:- Inright 4CA5
BC? = AB” + AC? [By Pathagoras theorem]
= 6%+ 8
=36+64

=100
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A0 =100 = 10

648410

Ry 12

Area af AABC = %x base waltitude

= 1/2 X 6 X 8 = 24cm?

. radius, » = Area of MBC
Ry
=24/12
=2cm

Example 16. ABC isaright triangle, right angled at C. If p isthe length of the
perpendicular from C to AB and a, b, ¢ have the usual meaning, then prove that

1. pc=ab
o Lol
2 J o b

Solution:- (i) Areaof 245" taking BC asbase = /2 X BC X AC

~ from (i) and (i) /2 ab = 1/2 cp

Or, pc=ab
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O, ¢ = ab/p--------- (iii)

(i) Inright 245C.

= gt 4 bt

pﬂ CIEE:'E aﬂbﬂ aﬂbﬂ
1 1 1

lf:;',?", _g=_2+_g
r a” b

Exercise- 15

1. The perpendicular AD on the base BC of a £445C intersects BC at D so that DB =
3CD. Prove that 2AB? = 2AC? + BCZ.

2. P and Q are points on the side CA and CB respectively of a £45C right angled at C.
Prove that AQ? + BP? = AB? + PQ*
3.1n £45C if AD is the median, Show that ABZ + AC? = 2(AD? + BD?)

4. PQR isan isoscelesright triangle, right angled at R. Prove that PQ2 = 2PR®.

MABC 2B

5. 1na isan acute angleand 42 L BC. provethat AC? = AB2 + BC? - 2BC.

BD.

6. In the adjoining figure, find the length of BD, If 45 LA and CD L AC.

(8]

& m

o

1 A 12m C

7. Prove that the altitude of an equilateral triangle of side 2% asf3.

8. P and Q are the midpoint of the sides CA and CB respectively of 445 right angled at
C. Prove that 4(AQ? + BP?) = 5AB?
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9. Inatriangle ABC, AD is perpendicular on BC. Prove that AB? + CD? = AC? + BD?

10. Prove that the sum of the squares of the sides of arhombusis equal to the sum of the
squares of its diagonals.

11. In adjoining figure, OD, OE and OF are respectively perpendicularsto the sdes BC,
CA and AB from any point O in the interior of the triangle Prove that

(i) OA + OB? + OC? — OD? — OE? — OF? = AF? + BD? + CE?
(i) AF? + BD%+ CE? = AE? + CD? + BF?

B [n} c
12. Oisany point in the insertor of arectangle ABCD. Prove that interior OB+ 0D?=
OC? + OA2

Answers
(6) 13m

Internal Bisector of an angle of a Triangle

1. Theinternal bisector of an angle of atriange divides the opposite side in the ratio
of the sides containing the angle.

2. If aline-segment drawn from the vertex of atriangle to its opposite side and divides
it in the ratio of the sides containing the angle, then the line segment bisect the
angle of the vertex.

Example 17. In the adjoining fig AD is the bisector of <4 If BD = 4cm, DC = 3cm and
AB = 6¢cm, determine AC.

B o c

Solution:- In &48C. AL g the hisector of £4.
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. AB _EBD
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Example 18. In the adjoining fig, AD is bisector of <4 If AB = 5.6cm, AC = 4cm, DC =
3cm, find BC.

B o c

n A45C, AD

Solution:- | is the bisector of <4

AR BD
T 4AC DO
56 BD
4 3

56x3

LB = =4 Zeom

BC=8D+00C
=4 24 50w
=72

Exercise- 16

1. In £45C. the bisector of <&- intersectsthe side AC at D. A line parallel to side AC
intersects line segment AB, DB and CB at points P, R and Q respectively. Prove that

1. ABX CQ=BCX AP
2. PRXBQ=QRX BP

2. ABCD is a quadrilateral in which AB = AD. The bisector of <54C and LTAD
intersectsthe side BC and CD respectively at E and F. Prove that the segment EF is
paralel to the diagonal BD.

3. In 8480, £8 =220 qnq the bisector of <5 intersects AC at D. Prove that
BD _BC
4 B4
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4. If the diagonal BD of a quadrilateral ABCD bisects both < %€ £, gnow that
AR AD

BC CD

5. D isthe midpoint of side BC of £45C". DE and DF are respectively bisectors of

£BD4 and LUDA g0 that E and F lie on AB and AC, respectively. Prove that EF ||
BC.

6. Oisapoint inside a £45C . The bisector of <408, £50C and LUOA et the gdes
AB, BC and CA in points D, E and F respectively. Provethat AD. BE. CF = DB. EC. FA

_ 0
7. Inthe adjoining figure, LEAT =30 *, AD isbisector of LBAT. DE L AC. prove that
DE X (AB + AC) = AB X AC.

B ] C

8. If the bisector of an angle of a triangle bisect the opposite side, prove that the triangle
isisosceles.

9. BO and CO are respectively the bisectors of <% @#¢ £C af ABC. o5 is produced to
meets BC at P. Show that

AB_AO
1. B OF
AC 40
2. CP OP
AB _ BP
3. AC CP

4. AP isthe bisector of £EAC
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