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Chapter 6
Some Methods in the Calculus of Variations

In this Chapter we focus on an important method of solving certain problems in Classical
Mechanics. In many problems we need to determine how a system evolves between an initial
state and a final state. For example, consider two locations on a two-dimensional plane.
Consider an object moving from one location to the other, and assume the object experiences a
friction force when it moves over the surface. One can ask questions such as “What is the path
between the initial and the final condition that minimizes the work done by the friction force?”
that can be most easily answered using the calculus of variations. The evolution that can be
studied using the calculus of variations is not limited to evolutions in real space. For example,
one can consider the evolution of a gas in a pV diagram and ask “What is the path between the
initial and final state that maximizes the work by the gas?”

Euler’s Equation
Consider the two-dimensional plane shown in Figure 1. Our initial position is specified by

(x,,y,) and the final position is specified by (x,,y,).

V(%) + an(x)

Varied
path

Extremum path, y(x)

Figure 1. Path y(x) that is used to move from position 1 to position 2.

Consider that we are asked to minimize the path integral of a function f between position 1 and
position 2. Suppose the path integral is minimized when the use path y(x). If we change the path
slightly by adding a second function n(x) then we expect that the path integral is expected to
increase. Consider the following path:

y(ex)=y(0,x)+am(x)
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The function 1(x) is a arbitrary function of x and is used to make small changes to the path. The
only requirements of 7(x) are that 1(x) has a continuous first derivative and that 1(x) vanishes at
the end points of the path, that is n(x,) = n(x,) = 0.

Since the path integral is minimized when we follow the path, the path integral must have an
extreme value when o= 0. This requires that

9
o

- %ff(y(a,x),y'(a,x);x)dx

a=0

The left hand side of this equation can be rewritten by differentiating the argument of the integral
with respect to o

=0

a=0

t(of y o dy
T, TV,
jl(ayafay'aa *

Using our definition of y(¢, x) we can easily show that

B3 (4(0,0)an(x) = n(o)

and

' _ddy_ o dy(O,x)+adn(x) _dn(x)
dor dadx da dx dx dx

The requirement that the path integral has an extreme is equivalent to requiring that

=0
2oy

a=0

The second term in the integrant can be rewritten as
X2 d X3
J‘ a_f n(x) dx :J‘ a—f'dn(x)
L\ 9y dx . A dy

This path integral is an extreme if

f[3ro- {37

_o
- ayvn(x)

a=0

A o
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Since 1(x) is an arbitrary function, this equation can only satisfied if

S _AfF )
dy dx\oy')

This equation is known as Euler’s equation.

Example: Problem 6.4
Show that the geodesic on the surface of a right circular cylinder is a segment of a helix.

The element of distance along the surface of a cylinder is

dS = \[(dx)’ +(dy)* +(d=)’ (6.4.1)

In cylindrical coordinates (x, y, z) are related to (p, ¢, z) by

X =pcCos o
y=psin ¢ (6.4.2)
z=2z

Since we consider motion on the surface of a cylinder, the radius p is constant. The
expression for x, y, and z can be used to express dx, dy, and dz in cylindrical coordinates:

dx =—-psin ¢ do
dy = p cos ¢ d¢ (6.4.3)
dz=dz

Substituting (6.4.3) into (6.4.1) and integrating along the entire path, we find

5= j\/ (dg)’ + j p +( qu) _[JpTz do (6.4.4)

1
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If S is to be a minimum, f=+/p®+2z*> must satisfy the Euler equation:

o o of
g_0d_, 6.4.5
dz 0d¢ 0z (645
. of .
Since F 0, the Euler equation becomes
z
9z  _ (6.4.6)

This condition will be satisfied if

z

= constant=C (6.4.7)
pz 432
or,
C2
Z = 4.

Since p is constant, (6.4.8) implies that

dz
d_ = constant

and for any point along the path, z and ¢ change at the same rate. The curve described by this
condition is a helix.

Example: Problem 6.7
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Consider light passing from one medium with index of refraction n1 into another medium
with index of refraction n2 (see Figure x). Using Fermat’s principle to minimize time, and
derive the law of refraction: n, sin 6, = n, sin 0,.

(ng > ny)

Figure x. Problem 6.7

The time to travel the path shown in Figure x is

t

el (P (e 2
:J‘%:J‘ (dx)zv+(dy)2 =J 1 EdXJ dx:j—\/l‘;y,zdx (6.7.1)

The velocity v =v, when y >0 and v = v, when y < 0. The velocity is thus a function of y, v =
v(y), and dv/dy = 0 for all values of y, except for y =0. The function fis given by

(6.7.2)

The Euler equation tells us

a_f_i[a_f}:_i _¥__|-0 6.7.3
dy dx| oy’ dx [v\/1+y’2] 79
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Now use v = ¢/n and y’ = -tanf to obtain

y —tan8 —tan@ —tan@ n) .
= = = = —=—| — sin @ = constant
vyl+y CWi+tante | |Vi+tan?e (€ 1450 0 ¢
" " n)V cos*d (6.7.4)

This proves the assertion.

Second Form of Euler’s Equation
In some applications, the function f may not depend explicitly on x: df/dx = 0. In order to

benefit from this constraint, it would be good to try to rewrite Euler’s equation with a term df/ox
instead of a term of/dy.
The first step in this process is to examine df/dx. The general expression for df/dx is

ﬂ:i (/ ':x)za_fﬂ+a_fdl+a_f=y'a_f+y"a_f+a_f
dx dx dydx dy'dx ox ay dy' ox

Note that we have not assume that df/dx = 0 in order to derive this expression for df/dx. This
equation can be rewritten as

o Y S S
dy' dx ox yay

We also know that

Al o\, dof (df  of o) dof d o (4 o
i\ oy )Ty aay \ax Yoy o) axay T dax ox Y \dxay oy

Applying Euler’s theorem to the term in the parenthesis on the right hand side, we can rewrite
this equation as

L I
dx\7 oy') dx ox

or

-6 - http://jsuniltutorial.weebly.com/



AC(:BS(E Coacﬁlnﬂ for Mathematics and Sclenr:e

o d Jof )
et

This equation is called the second form of Euler’s equation. If f does not depend explicitly on
x we conclude that

of

f-y Ewie constant

Example: Problem 6.4 — Part I1
Show that the geodesic on the surface of a right circular cylinder is a segment of a helix.

We have already solved this problem using the “normal” form of Euler’s equation. However,
looking back at the solution we realize that the expression for f, f =4/p>+2” , does not depend
explicitly on ¢. We thus should be able to use the second form of Euler’s equation to solve this
problem.

. 2
f_z%:J/f 2y 2 - P = constant =C
Z

tz \/p2+z"2 \/P2+Z"2

This equation requires that

Z; \/C2 -p’ p\/——l =constant

Since p is constant, this equation implies that

dz
d_ = constant

and for any point along the path, z and ¢ change at the same rate. The curve described by this
condition is a helix.

Euler’s Equation with Several Dependent Variables
Consider a situation where the function f depends on several dependent variables y,, y,, y, ...

etc., each of which depends on the independent variable x. Each dependent variable y,(o, x) is
related to the solution y,(0, x) in the following manner:
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If the independent functions y,, y,, y;, etc. minimize the path integral of f, they must satisfy the
following condition:

S Al |

dy, dx\ady,’

fori=1,2,3,.... The procedure to find the optimum paths is similar to the procedures we have
discussed already, except that we need to solve the Euler equation for each dependent variable y,.

Euler’s Equation with Boundary Conditions
In many cases, the dependent variable y must satisfy certain boundary conditions. For

example, in problem 6.4 the function y must be located on the surface of the cylinder. In this
case, any point on y must satisfy the following condition:

r = p = constant
In general, we can specify the constraint on the path(s) by using one or more functions g and
requiring that g{y;; x} = 0.

Let’s start with the case where we have two dependent variables y and z. In this case, we can
write the function f as

f=r{yy.zzx}

In this case, we can write the differential of J with respect to & as

Y (2oL o

Using our definition of y,(¢, x) we can rewrite this relation as

a_J_T o _dfof Q{a_f_i(a_f)j% dx
aa_xl dy dx\dy'))do \dz dx\dz'))oa

For our choice of constraint we can immediately see that the derivative of g must be zero:
(%), ()0
doo 9y oo \ 9z )oa
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Using our definition of y and z we can rewrite this equation as

dg (og (agj
_° | 25 —© =0
do (ayj”” 0z ™.

This equation shows us a general relation between the functions 7, and 7,:

o)
n. 9y

n_y__(a—gJ
0z

Using this relation we can rewrite our expression for the differential of J:

s NS ot

X

HE-SHE e

9g
15 2 -2l

Since the function 7, is an arbitrary function, the equation can only evaluate to O if the term in
the brackets is equal to O:
a j
y

(-G

This equation can be rewritten as

7~ N\
QJ‘OQ

=0

7~ X\
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tet DRttt o)

This equation can only be correct if both sides are equal to a function that depends only on x:

-2(2)13) -2 o

or

of df odf a_g B
m—(a] ”(’“)(ay]“’

o d(of )
et

Note that in this case, where we have one auxiliary condition, g{y z; x} = 0, we end up with one
Lagrange undetermined multiplier A(x). Since we have three equations and three unknown, y, z,

and A, we can determine the unknown.

In certain problems the constraint can only be written in integral form. For example, the
constraint for problems dealing with ropes will be that the total length of the path is equal to the

length of the rope L:
= Ig{y,y';x}dx =L

The curve y then must satisfy the following differential equation:
(), 2 (),
dy dx\ dy' dy dx dy'

Problem 6.12

Repeat example 6.4, finding the shortest path between any two points on the surface of a

sphere, but use the method of the Euler equation with an auxiliary condition imposed.

The path length is given by
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s= jds = J. 1+y*+2z"7 dx (6.12.1)

and our equation of constraint is

g(x,yz)=x+y* +22 - p* =0 (6.12.2)

The Euler equations with undetermined multipliers (6.69) tell us that

d y’ dg
L D Ay (6.12.3)
dx L/l+y’2 +2? } dy

with a similar equation for z. Eliminating the factor A, we obtain

iﬁl—nyy’; — ]_éj_x[—lwz,ﬁ}:o (6.12.4)
This simplifies to
z[y”(l +y?+ 2" ) -y (yy”+ z’z”)] - y[z”(l +y?+ 27 ) -2/ (yy" + z’z”)] =0 (6.12.5)
"y (yy 42 y'2" =0 (6.126)

zy” + (yy’ + zz’)z’y

and using the derivative of (2),

(z—xz’)y” = (y—xy’)z” (6.12.7)

This looks to be in the simplest form we can make it, but is it a plane? Take the equation of a
plane passing through the origin:

Ax+By=z (8)
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and make it a differential equation by taking derivatives (giving A + By’ = 7" and By” =7”) and
eliminating the constants. The substitution yields (7) exactly. This confirms that the path must
be the intersection of the sphere with a plane passing through the origin, as required.

Example: Problem 6.4 — Part I11
Show that the geodesic on the surface of a right circular cylinder is a segment of a helix.

We have already solved this problem using the “normal” form of Euler’s equation. However,
this problem is a good example of how to approach problems with constraints. Note: doing it in
this way is NOT easier then the approaches we have used previously.

Let us consider two points on the surface of the cylinder:

x, =(pcosg,, psing,,z,)
and
Z(PCOS¢_f’pSin¢f’Zf)

Consider an arbitrary path connecting the initial and final position. The length of a tiny segment
of this path is

dz dz

dl = \(dx)? +(dy)’ +(dz)’ = dz\/l +(dx) +(@)2 1

The integral we want to minimize is

= ) (2] o e SO

We immediately see that z is our independent variable and that x, and y are our dependent

variables. The function f'is thus given by

Flrrtyia)= (T 1G]

The solution y is constrained to be on the surface of the cylinder and therefore, the following
equation of constraint needs to be applied:

g(x.y)=x"+y"—p*=0
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For this equation of constraint we know that

Jg
2 -9
ox *

and

Jg
2 _9
dy Y

Note: if we had picked our function of constraint to be

g(x.y)=yx’+y* =p=0

we would get more complicated partial derivatives of g.

To solve the current problem we thus need to solve the following Euler equations:

(L2202 e

530l 3 H e

These two equations can be rewritten as

+2/1(z)x =0

+2A(z)y=0
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This equation can be rewritten as

y " ~ xl{xvxn_l_y'yn} . yn ~ yl{xlxn_l_yuyn}

O+ +1 () + 00 +1)7 | (V00 +1 () 40 +1)

After simplifying this equation we obtain
y(x||(1+(y|)2)_xvy|yll) — x(ylv(1+(x|)2)_xvy|xlv)

Is this equation describing a helix? Yes it is! How do you see that? Let's look at the definition

of a helix:
X=pcoso
y=psing
7= ¢
We find that
. dx dxdep 1 . 1
x'=—=——"=—(—psing)=——
':ﬂ:ﬂd—(p:l(pcosq))zlx
dz dodz P B
and
UL BT I
B B
oo L
B B

Taking these relations and substituting them in the solution we obtained we find:

y(X"(1+(y')2)—x'y'y") = —%xy—#xSy—#xy3 = X(y"(1+(X')2)—X'y‘x")

The é notation
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It is common to use the 6 notation in the calculus of variations. In order to use the 0 notation
we use the following definitions:

dy
oy=—d
Y b [04 ¢

aJ
oJ=—d

o[04

In terms of these variables we find

_9 o VYA YN o m
=5 {I[ay dx(ay'naadx}d“‘f(ay dx(&y'Daadadx_

Xy Rl

_f(o_dfof
_-[(ay dx(ay'jj6ydx

X1

Since Oy is an arbitrary function, the requirement that 6J = 0 requires that the term in the
parenthesis is 0. This of course is the Euler equation we have encountered before!

It is important to not that there is a significant difference between dy and dy. Based on the
definition of dy we see that Jy tells us how y varies when we change o while keeping all other
variables fixed (including for example the time 7).
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