JSUNIL TUTORIAL

Class-X Maths Introduction to Trigonometry Solved Problems

Example 1. If A is ann acute angle and tan A = %, find all other trigonometric ratios of the angle
A (using trigonometric identities),

Solution. Given tan A = %
= cotA= —| =i;
tanA 12
>
secPA=1+tan?A=1+ [E] _H+1dd 169
R 25 25
13 5
= sec A= % (' sec A is +ve)
= cosA= 1 _ 5,
secA 13
sin A = P cosA=tan Acos A= EXE:E
cos A 5 13 13
1 13
= cosec A= =
sinA 12
: 12 5 5 12 13
Hence,sin A= —,cos A= —,cotA= = ,sec A= —,cosec A= —.
13 13 12 5 12

Example 2. Express the trigonometric ratios sin A, sec A and tann A in ternis of cot A, (NCERT)

; cosec? A=1+ cot? A = cosec A = V1+cot? A

Solution. cot A =

tan A
; 1 1 1T Y cot?A+l
= sinA= . ;sectA=1+tan?A=1+ L 22 2+
cosec A 14 cot? A cot A cot” A
/ 2
ca gapiis 1+cot” A )
cot A
/ 2
Hence, sin A = ;, sec A= ol A Jtan A= 1 .
)1 CEaR A cot A cot A
Example 3. Write all the other trigonometric ratios of ZA in terms of sec A. (NCERT)
1V sec?A-1
Solution.cos A= ;sin2A=1-cos?2A=1- 2780
sec A sec A Y
2
= sinA= L‘:l; tan?A=sec? A-1 = tan A= ysec2 A-1;
seC
cot A = Ly L ;cosec A= _1 - ;
tan A \(scczA—1 sinA Jsec2 A -1
)
Hence, sin A = L’“, cos A = ! Jtan A = Vsec2 A-1,
sec A sec A
1 sec A
cotA= —— ,cosecA= —— |
\I'seczA—l \}seczA -1
;| i ) i s SeinA - Zeos A
Example 4. Given A is an acute angle and 13 sin A = 5, evaluate —
i

Solution. Given 13 sin A =5 = sin A= %

We know that cos2 A =1 -sin? A
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e [if_ 35 _189-25 144
13 169 169 169
12 : :
= CosA= = (as Ais an acute angle, cos A is +ve)
pna= 8 3.5 5
cosA 13712 12
g B g 12 1
5sinA-2cosA _ "Xz "Mz 13 _ 1 12 12
tan A 5 5 135 65
12 12

2 2
Example 5. If tan 6 = %,ﬁnd the value of “** e

cosec’0 + sec” @

Solution. Given tan@z% = cotf= 5 ['.'cotezt&ll—e]
t 3 1 6

Now seclf=1+tan?8=1+|—|=1+-=2
J5 5 &

and cosec?@=1+cot28=1+(J5)2=1+5=6.

6
cosecze—seczﬁ_6_5_30—6_24_2
cosee’d + see’ B 6+é 30+6 36 3°

5

Example 6. Evaluate the following:
sin® 63° + sin® 27°
() ——————— (NCERT) (i)} sirt 25% cos 65° + cos 25° sin 65° (NCERT)
cos” 177+ cos” 73°
Solution. (i) As sin 63° = sin (90° - 27°) = cos 27° and
cos 73° =cos (90° -17°) =sin 17°,
sin” 637 + sin” 27° _ c0s° 277 + 5in® 27°

cos®17° + cos? 73° c0s?17° +8in?17°

(" sin® A + cos? A =1)

el o

(7i) sin 25° cos 65° + cos 25° sin 65°
= s5in 25° ¢cos (90° — 25°) + cos 25° sin (90° —25°)
= sin 25° sin 25° + cos 25° cos 25°
= sin? 25° + cos? 25°
= (" sin? A+ cos2A=1)
cos*(45° + B) + cos2(45° - B)
tan(60° + 6 )tan(30F —8)
Solution. As cos (457 - 8) = cos (907 — (45° + ©)) = sin (45° + B)
and tan (30° - 8) = tan (90° — (60° + ©)) = cot (60° + 8),

Example 7. Show that (NCERT Exemplar)

c0s*(45° + 8) + cos’(45° — B) _ cos”(45° + ) +sin’(45° +6) 1

tan(60° + 6)tan(60° — 8)  tan(60° + B)cot(A0° +8) 1
(s cos? A+sin? A=1and tan A cot A=1)

=1, as required.
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Example 8. Prove that:
(i) (cosec A +cot A)(1 —cos A)=sin A (ii)sec A(1 —sinA) (sec A+ lanA) =1 (NCERT)
Solution. (i) LHS = (cosec A+ cot A) (1 —cos A)

1 +c05A
sinA  sinA

] (1 - cos A)

\ 2
[1+coe‘.A) P - 1-cos” A

sin A sin A

sin® A
sin A
sin A= RHS
(ii) LHS = sec A (1 — sin A) (sec A+ tan A)

:[ L )(l—sinA)( L +Si“A]
cos A cosA cosA

_ (1-sinA)1+sinA) 1-sinA  cos” A

(" 1-cos? A=sin? A)

(s 1-sin? A= cos? A)

cos® A cos® A - cos” A
=1=RHS
Example 9. Prove the following:
7
)1+ % _coseco (NCERT Exemplar)
1+ cosecow
(i) (sir oL + cos o) (tan o + cot o) = sec ot + cosec o (NCERT Exemplar)
2 .
Solution, () LHS =1+ = S ] 4 Tgeco-1
1+ cosecat 1+ cosecat
i -1
=1+ (cogPg icoseca-1) _ 1 + (cosec ¢ — 1) = cosec o, = RHS.

1+ coseco

(ii) LHS = (sin & + cos o) (tan ot + cot o)

sSinol  Coso sin ot + cos’ ot

cososinot

:(sinfx)f-coscx)( -
COs0l sina

] = (sin o + o8 o)

p 1 sino + cosot
= (sin @ + cos o). =

COSCLsinm COsLsine

sino oS0 1 1
—— : = e
COsOLsIn ol COSOLsIN ol COsoL SInol

=sec o + cosec o = RHS

Example 10. Prove the following identities:

tan A tan A cotA —cos A cosec A~ 1

i - =2 cosec A (NCERT Exempl it = NCERT
@ T+secA  T—secA ( xemphaty ()wEA+wsA cosec A + 1 ( )
Solution. (i) LHS = _ - L =ranA( ! ]
T+seceA 1-secA T+secA 1-secA
=tanA{(] hSECA)H(; +5ECA)] =tan A f ‘ZSE;&] Ce sec2A—1= tanzA)
1-sec™ A | —tan” A

_2SECA_ 1 cosA 2
tan A ‘cosAsinA sin A

=2 cosec A = RHS
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cos A 5 cosA(
cotA—-cosA _ gin A

CotA +cosA  CosA

-1
sin A ) _cosec A -1
1 ) " cosecA+1 T RHS

(i) LHS =
+1

sin A

Example 11. Prove the following identities:

.9
(i) (cosec 8 — cot 9)2 = 1=6%0 ot g R (1) i L (NCERT)
1+ cosB sec A 1-cosA
0 2 2
Solution. (i) LHS = (cosec 6 —cot )2 = [—— -0} _ {] = “’Se) )
sin®  sin® sinf sin’6
B ) o s
= (1 cos?) _ (1—cosB) _ 1-cost — RHS
T-cos 8  (1+cos0)(1-cosh) 14 cosf
1+ L
(i) LHS = 1+secA - cosA _ cosA+1xcosA
secA 1 cosA 1
cos A
=1+cosA=(1+cosA)x I-eien (Note this step)
1—cosA
- G4
=1 cosA= sin” A — RHS
1-cosA 1-cosA
Example 12. Prove the following identities:
. s g 3
sind _ 1+0058 _ 5 cosec 6 (NCERT Exemplar) (i) S79=2511°9 _ 40, (NCERT)
1+ cosO sint 2c0s” 0 —cosD

sin® 1+cos@ sin? 0+ (1 + cos 8)*
1+ cost sin (1+ cosB)sin®

Solution. (i) LHS =

_ sin? 6+ 1+ cos” B+ 2cosd _ (sin? 6 + cos” 8) + 1+ 2cosH _ 1+1+2cos8
(1+ cosB)sinB (1+ cos8)sint (14 cosf)sing

242cos8 2(l+cosh) - 2 8 soche b= RES

) (1+ cosl)sin® B (14 cost)sin®  sin®

sinf—2sin°@  sin6(1-2sin’¢)

ii) LHS = =
@) 2cos” 6 — cosf c058(2cosze—1)

_ sinB(1-2(1— cos? B)) sin 8(2cns2 6-1)

cosB(Zcos2 B-1) cost)(?co:s2 B-1)
=tan 6 = RHS
Example 13. Prove that:

(i) \sec’ 0 + cosec’® — tan 0 + cot © (NCERT Exemplar)
(i1) (cosec A —sin A) (sec A —cos A) = i ___ (NCERT)

tan A + cot A

Solution. (i) LHS = \jsec29+cosec2 0= \/(1+tan2 8)+(1+cot20)

= \/tan26+cot2 0+2 = \/tanz 8+cot?B+2tanBcot B (~ tanBcotb=1)

= \/(tan6+c0t 0)2 =tan 6 + cot 8 = RHS
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(i7) LHS = (cosec A — sin A) (sec A — cos A)

= ( _1 —sinA][;—COSA]
sin A cos A
1-sin’ A l—coszA_coszAxsi.nzA
sin A cos A sinA cosA
cos Asin A (1)
1 1

tanA +cotA  sinA | cosA
cos A sinA

Il

RHS =

- 1 _ sinAcosA
sin®A +cos’ A sin?A+costA
sin Acos A
inAcosA ;
= SNACEA _gin Acos A . (2)

1
From (1) and (2), LHS = RHS

Example 14. Prove Hire following identities:

() IS _ e A+ tan A (i) tan? 0 + tan? 8 = sec? B —sec? B
(NCERT) (NCERT Exemplar)

1—sin

Solution. (i) LHS =

}1+sinA _J1+sinAX'l+sinA
V1-sinA V1-sinA 1+sinA

[]

J(lﬂinm? =J(1+sinA)? _lisinA 1 sinA

1-sin’ A cos® A cos A cosA  cosA
=sec A+ tan A = RHS

(if) tan* 8 + tan? 8 = tan? O (tan? 6 + 1)

= (sec? 8- 1) sec? 6 = sect 6 — sec? B = RHS

Example 15. Prove the following:

(i) (sin A + cosec A)? + (cos A +sec A)2 = 7 + tan’ A + cot? A (NCERT)
(ii) (sin? 0 —cos? @ + 1) cosec’ B = 1 (NCERT Exemplar)
Solution. (/) LHS = (sin A + cosec A)? + (cos A + sec A)?

=sin? A + cosec? A + 2 sin A cosec A + cos® A + sec? A + 2 cos A sec A
= (sin2 A+ cos2A)+ (1+cot2 A)+2x 1+ (1+tan2A)+2 x 1
=1+6+cot?A+tan? A=7+ tan? A + cot 2A = RHS

(i) LHS = (sin* 8 — cos* 6 + 1) cosec” 8

= ((sin? 8 — cos? B) (sin2 6 + cos? B) + 1) cosec? B
=((sin?8 —cos? B) x 1 + 1) cosec? B

= (sin? © — cos? B + 1) cosecZ @

=(sin2 0 + (1 — cos? 8)) cosec? @

= (sin? 6 + sin? 0) cosec? @

=2 sin? § cosec? B = 2 (sin 6 cosec §)2
=2%12=2=RHS

Example 16. Prove the following:
(i) sin"0 + cos® B+ 3sim2Bcosle =1 (i1) ?hthB + ; ml':ae
= —fan
(NCERT Exemplar) e (NCERT)

=1 + sec B cosec B
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Solution. (/) LHS =sin® § + cos® 8 + 3 sin? 8 cos? 6
= (5in2 8)3 + (cos? )% + 3 sin? 6 cos? 6
= (sin2 B + cos? B)3 — 3 sin? 6 cos? 6 (sin? 6 + cos2 §) + 3 sin? B cos? @
(0 a@®+ b3 = (a+ b)>—3ab (a + b))
=(1)®-3sin?Bcos8 (1) + 3 sin2 8 cos? B
=1-3sin20cos? 0 + 3 sin? B cos28=1=RHS

sinf cos
(i) LHS = tan 0 + ot cosd 4_sind
l-cotf 1-tant , _coso ]_smﬂ
sint cos b
sin®@ cos” 8
+

B cosfi(sint —cost) sinB(cost —sing)

1 (sin2 0 cos’® B 1 ¥ sin® 8 — cos® @

sinf — cosBL cosd  sin® | sin®-cosd sinflcosi

B {_SEH:I "COSB){SZLI’_IZG + coszﬂ+sh1§_t:c>58] ~ I+sinfcosb

(sina—maﬂ)sinacos&- sinfcos @

S S +1=secBcosect+1=RHS

sintdcosH

Example 17. Prove that:

2 - 2 i Sy
G Tttan"A _(1-tanA S A (i T+sechd—tand 1-sind
1+cot? A T—rcotA 1+ secO+ tan® cost
{NCERT) (NCERT Exemplar)
2 = o . 2 ; 2
Solution. (i) 1+tan2A= e ;\ - gt A =[SmA] =tan? A.
T+cot? A coscc A cost A 1 cos A
5 S sin A g )
Al 1-tanA Y _ cosA | _ mﬁA—sinAX sin A 3
1-cotA | cosA cos A sinA — cos A
sin A
. : < B 2
= smA—cosA>< : sin A _ sin A = (- tai A]E:tanz A
cos A sin A —cos A cos A
2 _ 2
Hiriced 1+tan~ A = 1-tan A g
l+cot? A {1-cotA
| 28 _ tant o —
(i) LHS = 1+5ec§ tanf _ (sec” 0 —tan” 0)+(secd — tan 0) (- Seczﬁ—tan?-B:'l)
1+ sech +tanb 1+secH +tan®
_ (secB— tan®)(sect + tan @) + (sec8 — tan )
1+ sect + tant
_ (sect — tanB)(sect + tan + 1) — sec 6 tan 6
1+secB+ tang
_ 1 _smﬁzl—smﬂ — RHS
cosfl  cosl cosl
Example 18. Prove that:
sinf—cos@8+ 1 1 . ; i 2 2 =
) = = , using the identity sec 6 =1 + tan” 9, (NCERT)
sin+cos—1  sech— tant
o ocos A —sinA+1 5 A 0 g 2
(i) ———————— = cosec A + cot A, using the identity cosec= A = 1 + cot= A. (NCERT)

cos A +sinA =1
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get

Solution. (i) Dividing each term of the numerator and denominator of LHS by cos 8, we

LHG = tanf -1+ sect _ (sect +tan@)—1
tanB+1-secd 1-(secH—tand)
= — {sec82+tan8}—1 (v sec2@=1+tan? 8 = sec2 @ —tan? 9 =1)
(sec™ € —tan” B) —(sect — tan@)
_ secl + tanf — 1
(secH — tan®)(secl + tan@) — (sech — tan B)
_ secH+ tant —1 _ 1 - RHS
(sech — tanB)(sect + tant — 1) secfl — tan®
(i1) Dividing each term of the numerator and denominator of LHS by sin A, we get
LHS = cotA —T+cosec A (cosec A + cot A) — (cosee ZA —cot® A)
" cotA+1-cosecA 14 cot A —cosecA
_ (cosec A + cotA) - (cosec A+ cot A)(cosec A — cot A)
1+ cot A — cosec A
_ {cosec A + cot A)(1 — cosec A + colA) - cosec A + cot A = RHS
1+ cotA —cosecA
Example 19. Prove that: tan 8 + tan (30° - 8) = sec 6 sec (90° - 6). (NCERT Exemplar)
Solution. LHS =tan 6 + tan (90° - 0) =tan 6 + cot 8
_ sin6 cos§ _sin®6+cos’® 1
cosf  sinB cosfisin® cosfsinf

=sec B cosec 8 = sec 0 sec (90° - 0) = RHS

Example 20. Given that o + B = 90°, show that

\/CUS ocosec — cososinB = sin o (NCERT Exemplar)
Solution. Given ot + f =90° = f = 90° — o 1)
Jcos ccosecf—cosasinf = \fcos o cosec (90° — o) —cos o sin(90° — o) (using (i)

= \fcosmsecm—cosucosrx = vl—coszm ( COS L sec t‘x:l)
— af il ik
= y5INT 0 =S 0L

Example 21. If 1 + sin’ @ = 3 sin 0 cos 6, prove that tan © = 1 or % (NCERT Lxemplar)
Solution. Given 1 + sin? 8 = 3 sin 6 cos 8, ...(0)
Dividing both sides by cos? 8, we get

1 sinzﬁ _ nsinfcosb

b
|:1:n52 8 ch2 8 {:Ds.1 =}

= sec?O+tan?B=3tan 0 = (1 +tan?@) +tan? 0 =3 tan 0

= 2tan?6-3tanf+1=0=2tan?6-2tanf—tanH+1=0

= 2tanfB(tanB-1)-1(tan6-1)=0

= (tan0-1)(2tanB-1)=0= tanO@-1=0or2tant-1=0

= tan@:l(‘lrtanﬁzé.

Example 22. If sin 6 + cos 6 = /3, then prove that tan 6 + cot § = 1. (NCERT Exemplar)
Solution. Given sin 8 + cos 8 = \/5

= (sin B + cos 0)2 = (+/3) (squaring both sides)
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= (5in28 + cos?0) +2sinBcos B =3
= 1+2sinBcosB=3=2sinBcosB=2
= sinBcosO=1= sin0cosB =sin2 0 + cos> 8

in26 + cos> B
=5 J=~Er TS 5 (Dividing both sides by sin 8 cos 0)

sinBcos8

sin’ @ cos’ 8 sinfl cosB
= Sory z = +

sintcost sinbcosd cosf  sinB

= 1=tanf + cot 0.

Example 23. If asin 8 + b cos 8 = ¢, then prove that
acos§—bsin®== Vo’ +b° - ¢’ (NCERT Exemplar)

Solution. Givenasin 8 + bcos 8 =¢

(asin® + b cos 0)2 = ¢? (squaring both sides)
a? sin? 0 + b2 cos? 0 + 2 ab sin § cos 6 = ¢2

a? (1 - cos? 0) + b2 (1 - sin? 8) + 2 ab sin O cos 6 = ¢2

a2 + b2 — (@% cos? 0 + b2 sin? 0 — 2ab sin 6 cos 6) = ¢2

a? cos? 0 + b2 sin? 0 — 2ab sin 0 cos 6 = a2 + b2 -2

(@ cos O — b sin 0)2 = a2 + b2 — (2

acos®-bsin® =+ a2 +p2—c2 .

Example 24. (i) If sin © + sin? 0 = 1, prove that cos? 0 + cos? 6 = 1.
(ii) If tan O + tan® 6 = 1, prove that cos® O + cos” 0 = 1.
Solution. (i) Given sin 0 + sin@ =1 = sin®=1-sin2 0

I N A

= sinf=cos28 = sin28 = cos?
= 1-cos?20=cos*0 = cos?0+costh=1.
(i) Giventan? 0 + tanZ 9 =1 = tan26 (tan20+ 1) =1

= 1+tan?0= = sec2 B =cot? 0

tan“©

2
1 0 .
=T 7 = sin20=cost o

= T
cos“ 0  sin“0

= 1-cos2B=cos?8 = cos? B +cos? O =1.

Example 25. (i) If cos © + sin 6 = V2 cos 0, show that cos 6 —sin 6 = V2.

(ii) If sin 0 + 2 cos O = 1, prove that cos 0 —2sin 6 = 2, (NCERT Exemplar)
Solution. (i) Given cos 8 + sin 0 = 2 cos 0 =>sin @ = (v2 —1) cos 0
- T (V2 +1)sing
= cos()-‘ﬁ_l sme-————ﬁ_lxﬁﬂsme— -~

= cosO =2 sinB +sin@ = cos B —sin 0= 2 sin b,
(i1) Givensin 0 +2cos=1 =2cos=1-sinb
= 2cos0 (1+sin0)=(1-sinB) (1 + sin B)
2c0s0 (1 +sinB)=1-sin20
2¢0s 0 (1 + sin 0) = cos?
2(1+sinB)=cos 0
cos B —2sin 6 = 2.

IR |
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Example 26. If 2 sin’ @ — cos? 8 = 2, then find the value of 8. (NCERT Exemplar)
Solution. Given 2 sin? § — cos? ¢ = 2

= 2sin®0-(1-sin2Q)=2

= 3sin?9-1=2 = 3sin?8=3

= sinZf=1 = sinh =1 = §=90°

Hence, the value of 0 is 90°.

Example 27. (i) If tan € + sec & = 1, then prove that sec 6 = ga—t] (NCERT Exemplar)
2
(i) If cosec & + cot 6 = p, then prove that cos 8 = £ _; i (NCERT Exemplar)
Pt
Solution. (i) Given tan 6 + sec 6 =/ w1}
We know that sec?6 —tan?8 = 1
= (secB+tanb)(sect—tan@) =1
= I(secB+tanB)=1 (using (1))
= secO+tanf= e
On adding (1) and (2), we get
g _ Pl
2secB=1+_- = sech= i
! 2]
(i) Given cosect + cott=p (L)
We know that cosec? 6 —cot20 =1
= (cosec 8 + cot 8) (cosec § —cot B) =1
=  p(cosect-cotB) =1 (using (1))
= (:c:sv:‘.-::ﬂ—cotﬁ=l . (2)
On adding (1) and (2), we get
2
2cosec B =p+ % — cosec§ =1 ol (3
Subtracting (1) from (2), we get
2_
2(:(.‘»tﬁ=p—l = cot="2 : (4
P 2p
Now, cos ) = c?se .sin 0§ = cot 0. T, 000 ...(5)
cosec B cosec O
Dividing (4) by (3), we get
coté _pz—'l =p2—1 .
o Z =cos 8 Al (using (5))
Example 28. () Ifx =acos 0 + bsin 0 and y = a sin O — b cos 6, prove that x2 + y? = a2 + b2
(ii) If x = a cosec © + b cot @ and y =a cot 8 + b cosec 6 = y, prove that x2 —y” = a® — b2
Solution. (i) Given x =acos 8 + b sin § (1)
and y=asin0-bcos0 .. (2)
On squaring (1) and (2) and then adding, we get
x? + 7 = a’(cos” B + sin” 0) + b*(sin” 6 + cos” 0)
=a2. 1+ b2 . 1=0a2+ b2
(i) Givenx=wacosec 0+ bcot 8 (1)
and y-=acotO+bcosec w2
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On squaring (1) and (2) and then subtracting, we get
x% =2 = a?(cosec? @ - cot? §) + b2 (cot? 6 - cosec? 0)
=a2. 14 b2 (1) =2 -2

Example 29. If sin 8 + cos 8 = p and sec 8 + cosec = g, then prove that q (p* — 1) = 2p.

(NCERT Exemplrrr)
Solution. Givensin@ +cos =p ...(1)) and sec® +cosecl =g (i)
1 1 sinfl + cost
= + == ——— =
cost  sind sinbcosB
B =
- sin8cosf 1 (using (7))
= sinBeosd="L ....(if)
7
On squaring (i), we get
(sin B + cos 0)? = p2 = (sin? B + cos? B) + 2 sin O cos O = p?
- 1+2L2=p2 (using (ii))
iq

= 2 _p2 1 o p=gp2-1).
q

Example 30. If tan 8 + sin 8 = m and tan 8 — sin 8 = n, then prove that m? — n? = 4 Jmn .
Solution, Given tan @ + sin @ = m and tan 6 —sin 0 =n

§ M+hn . m-n
= tan(j!:—2 and sin § =
2
= cotb= and cosec 8 = .
m-+n "=

Now using cosec? 8 — cot® 8 = 1, we get

2 2
] (] 2
m-—n m+n

= 4[(m + n)? = (m = n)?] = (m —n)? (m + n)?

= 4xdmn=m2-nP2 =m?-n?2=4Jmn.
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